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Abstract 

The purpose of this paper is to construct the law of a Levy process conditioned to 

avoid zero, under the sole assumptions that the point zero is regular for itself and the Levy 

p/ . process is not a compound Poisson process. Two constructions are proposed, the first lies 

Ph ', on the method of /i-transformation, which requires a deep study of the associated excessive 

r~| ' function; while in the second it is obtained by conditioning the underlying Levy process 

j^ ■ to avoid zero up to an independent exponential time whose parameter tends to 0. The 

former approach generalizes some of the results obtained by Yano |23j in the symmetric 

case, while the second is reminiscent of [8]. We give some properties of the resulting 

process and we describe in some detail the alpha stable case. 
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O ■ 1 Introduction 

en 

^^ ' 

The main purpose of this work is to construct Levy processes conditioned to avoid zero. This 
question is relevant only when is non-polar. Then the event "not hitting zero" has zero proba- 
r> ■ bility and hence a standard analytical approach consists on finding an adequate excessive func- 
C^ ■ tion for the process killed at the first hitting time of zero and then use Doob's /i-transformation 
technique. A good understanding of the associated excessive function allows us to establish an- 
alytical and pathwise properties of the constructed process. This is the approach that has been 
used by Yano [23], under the assumption that the Levy process is symmetric. So, our results 
can be seen as a generalization of the results obtained by Yano. A probabilistic approach for 
constructing Levy processes conditioned to avoid zero bears on the idea that the construction 
can be performed by conditioning the process not to hit zero up to an independent exponential 
time of parameter q, and then make g — )■ 0, so that the conditioning affect the process all over 
the time interval [0,oo). This is a generic approach that has been used in several contexts. 
See for instance Chaumont and Doney |8] and the reference therein, where the case of Levy 
processes conditioned to stay positive is investigated. We will prove that in our setting this 
procedure gives a non-degenerate limit and that both constructions coincide. 
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2 Preliminaries and main results 

2.1 Notation 

Let T>[0, cxd) be the space of cadlag paths u : [0, oo) — t- MU{A} with hfetime ({u) = inf {s : Ug = 
A}, where A is a cemetery point. The space T'[0, oo) is endowed with Skorohod's topology and 
its Borel a-field, J-". Moreover, let P be a reference probability measure on V[0, oo), under which 
the coordinate process X = {Xt,t > 0) is a Levy process. We will denote by (J-f,t > 0) the 
completed, right continuous filtration generated by X. As usual F^ denotes the law oi X + x, 
under P, for a; G M. For notational convenience, we set P = Pq. We will denote by 6 the shift 
operator and by k the killing operator, i.e., for u G ©[0, oo), 9tco{s) = w{s + t),s> 0, and 

{w{s), s < t, 
A, s>t. 

For t > 0, we use X o 9t, X o kt to denote the functions in V[0, oo) given by Otu{-) and ktu{-), 
uj G ©[O, oo), respectively. Throughout the paper ■?/' : M — )■ C will denote the characteristic 
exponent of (X, P), which is defined by 

7/,(A) = — log(E[e^^^']) = ia\ + ^A^ + / (1 - e*^^ + iAxl{|^|<i})7r(t/x), A G M, 

where a G M, a > and vr denotes the Levy measure, i.e., tt is a measure satisfying vr({0}) = 
and /jg(l A x'^)n{dx) < oo. We denote by Pt and Uq the transition kernel at time t and the 
g-resolvent of the process {X, P) . 

We assume throughout the paper that 

H.l The origin is regular for itself. 

H.2 (X, P) is not a compound Poisson process. 

We quote the following classical result that provide an equivalent way to verify conditions 
H.l and H.2 in terms of the characteristic exponent ip. 



Theorem 1 (See, e.g., [6] and [16]). The conditions H.l and H.2 are satisfied if and only if 
and 



Re [ — -— 1 (iA < oo, g > 



either a > or j \x\Tx{dx) = oo. 

J\x\<l 

It is known that under these hypotheses, for any q > 0, there exists a density of the resolvent 
kernel that we will denote by Ug{x, y): 

Ugf{x) = / Ug{x,y)f{y)dy, x G M, 



for all bounded Borel functions /. The density Uq{x, y) equals Uq{y—x), where Uq is a continuous 
function. We refer to chapter II in |4j for a proof of these results. Furthermore, from the 
resolvent equation 

Uq-Ur+{q- r)UqUr = 0, g, T > 0, 

it can be deduced that the family of functions {uq, g > 0) satisfies, for all g, r > with q^ r, 
Uq{y — x)ur{z — y)dy = [ur{z — x) — Uq{z — x)], for all 2;, X G M. (1) 

Let To be the first hitting time of zero for X: 

To = mi{t >0:Xt = 0}, 

with inf{0} = 00. The process killed at Tq, X° = X o fcjjj, is given by 

Xt, t < To, 
X? \ 

A, t > To. 

For every x G M, we will denote by P° the law of the killed process X^ under P^,.. We use the 
notation P°, Uq for its transition kernel and g- resolvent, respectively. From [U Corollary 18, 
p. 64], it is known that, 

E.[e-^^"] = ^^, g>0, xGR. (2) 

Hence, with help of the following well known identity: 

Uqfix) = f/;/(x) +E.[e-'^^«]f/J(0), 
for all / bounded Borel functions and g > 0, we obtain the resolvent density for X^, namely, 

Uq{x,y) = Uq{y-x) — , x,yeR. 3 

By Pa; we will denote the law of the dual process X := —X under P-^, x G M. We will use the 
notation ^ to specify the mathematical quantities related to the dual process X. For instance, 
[Pt, ^ > 0), {Uq, q > 0) are the semigroup and the resolvent of the process X, respectively. It is 
known that the name "dual" comes from the following duality identity. Let f,ghe nonnegative 
and measurable functions. Then, for every t > 



Ptf{x)g{x)dx = I f{x)Ptg{x)dx 

Jk 

and for every g > 



Uqf{x)g{x)dx = / f{x)Uqg{x)dx 



For the semigroup and g-resolvent of the killed process we have as a consequence of Hunt's 
switching identity (see e.g. [H p. 47, Theorem 5]): 

gix)P^f{x)dx = [ f{x)P^g{x)dx 

and for every g > 

' g{x)U^J{x)dx= f f\x)Ulg{x)dx. 

Jr 

We observe that (X,P) satisfies also the hypotheses H.l and H.2. Thus, for any g > 0, 
there exists a continuous density Ug of the resolvent Ug. Furthermore, Ug and Ug are related by 
the equation: Ug{x) = Ug{—x), x eM. Thereby, for any g > 0, E^[e~''^°] and the density of Ug 
can be written in terms of Ug as follows 

E.fe-"^"] = ^, q>0, XER (4) 

and 

v'gix,y)=ugix-y)- '''^^''^'';^'y\ x,yER. (5) 

Since the point zero is regular for itself, there exists a continuous local time at (in fact, at 
any point a; G M). We denote by L = {Lf, t > 0) the local time at zero, which is normalized by 
E(J e~^dLt) = 1, and by n the excursion measure away from zero for X. The measure n has 
its support on the set of excursions away from zero: 

V° = {eE V[0, cx)) : e(t) 7^ 0, < t < C(e), < C(e) < 00} • 

A nice relation between the excursion measure n and the Laplace transform of the law of Tq 
under P^. can be found in [231 Theorem 3.3] for Levy processes and in [HI eq. (3.22)], [TUl eq. 
(2.8)] for general Markov processes. This is stated as follows, let / be a nonnegative measurable 
function, then 

r e-Mf{Xt),t< Qdt = [ f{x)E,[e-'^^°]dx. (6) 

Jo Jr 

In particular, if / = 1, 

2.2 Main results 

Under the assumptions H.l, H.2 and 
H.3 (X, P) is symmetric, 
Yano [23] showed that the function h defined by 

h{x) = limK(O) - Ug{x)], x eR (8) 

q— >0 



is a well defined invariant function for the semigroup of the Levy process killed at its first 
hitting time of zero. Furthermore, Yano proved that the function h can be expressed in terms 
of the characteristic exponent of X as 

, / N 1 /" 1 — COS Ax ,, _ 

where 6{X) = Retp{X). Our first main result generalizes (|8]) and iQ. 

Throughout the rest of this paper we assume that H.l and H.2 are satisfied. 

Theorem 2. For q > 0, let hg denote the function defined by 

hq{x) = Ug{0) - Ug{-x) , g > 0, xeR. (10) 

Then, the function /i : M — )■ M defined by 

h{x) = \imhq{x), x eR (11) 

is such that 
(i) for every x &R, < h{x) < 00 and 

1 r ^ fl- e^^^ 



(ii) h is subadditive, continuous function, which vanishes only at the point x = 0, 

(Hi) h is invariant with respect to the semigroup of the Levy process killed at To, i.e., 

Pth{x) = h{x), t>0, xeR] (13) 

furthermore 

n{h{Xt),t <() = !, Vt>0. 

The proof of (i) and (ii) in Theorem |2] will be given in section I3.2[ as a consequence of 
analogous results for the sequence of functions (/ig)g>o- In order to establish (iii) and other 
results, and due to technical issues, we will introduce an auxiliary function h*. The function h* 
dominates h and satisfies some integrability conditions. This function, as its name indicates, will 
help us to prove the main results acting as a dominating function in the dominated convergence 
theorem. The function h* is closely related to the local time of the Levy process {X, P), namely, 
we have the expression 



/i*(x) =E(LtJ = limEf /" e^'^'dLtj , xG 



The function h* arises as a particular case of a general function h{-,-) defined by 
h{x, y) = E,(L^J = ML^TyJ = h{0, y - x) = h*{y - x), 
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where Lf denotes the local time at the point x for the process {X,Fx). The function h{-, ■) is 
used to establish continuity criteria for local times of Levy processes, see [H [2] for this case and 
jl3] for a general Borel right Markov processes. 

Besides, in the present context, both Yano's and our results extend the theory of invariant 
functions for killed Levy processes that can be found in Section 23 of the treatise by Port and 
Stone [H] on the potential theory for Levy processes in locally compact, non-compact, second 
countable Abelian groups. The relations with this work will be described in Section 13.31 below. 

Having constructed the invariant function h, in the following definition, we introduce the 
associated /i-process. We will show that the resulting probability measures are such that the 
canonical process X never hits the point zero, and thus that we refer to them as the law of the 
Levy process conditioned to avoid zero. Theorem [S] below summarises these properties. 

Definition 3. We denote by (Pi, x G M) the unique family of measures such that for x eM, 

[ -1-E°(1aMX,)), x^O, 

[ n{lAh{Xt)l{t<i:}), x = 0, 
for all A G J-i, for all t > 0. We will refer to it as the law of X conditioned to avoid 0. 



Remark 4. Note that from this definition, Pi(ro > t) = 1, for all t > 0, x G M. Hence, 

P|(To = oo) = 1, for all x eR. 

Theorem 5. The family of measures (Pi)a;gK is Markovian and satisfies 

(i) p|(Xo = x) = l, VxgM. 
(ii) Pi(ro = oo) = 1, Vx G M. 

The semigroup associated to (Pi)a;giK is given by 

Phx, dy) := ^Pti^, dy), x ^ 0, t > 0. 

The entrance law under Pq is given by 

Pj(Xi G dy) = n{h{y)l{x,edy}l{t<c})- 

We propose an alternative construction of the law of the Levy process conditioned to avoid 
zero. Our construction is inspired from [21 El El IS] , where Levy processes conditioned to stay 
positive are constructed. Levy processes conditioned to stay positive are constructed in the 
following way. Let L^ be the local time of the process X reflected at its past infimum, that 
is, X — 2^, where X^ := inf{Xs : < s < t}. Let n be the measure of its excursions 
away from zero and let T(_oo,o) be the first hitting time of the negative half-line. Denote by 



{Qt{x, dy),t >0,x>0,y>0) the semigroup of the process killed at r(_oo,o)- In [H |9] is proven 
that the function / defined by 



l{x) := E / l{x,>-.}dL, , X > 0, (14) 

V^[0,oo) / 

is an excessive or invariant function for the semigroup {Qt,t > 0). The function / is actually 
an invariant function whenever X does not drift towards infinity. Furthermore, they obtained 
I as a limit of certain sequence of functions. To be precise, if e^ is an exponential random time 
with parameter g > and independent of (X, P), then for a; > 0, 

^ ^ g^o 7]q + n(C > eg) ' ^ ^ 

where r] is such that J^ ^{Xs=x^}ds = rjL^ and n{( > e^) = J^ ge~'^*n(C > t)dt. They also 
showed that the law of Levy processes conditioned to stay positive can be obtained as a limit, 
as g — )■ 0, of the law of the process conditioned to stay positive up to an independent exponential 
time with parameter q (see Proposition 1 in [8J). 

T 

The following theorem states that for x 7^ 0, Pj is the limit, as g — )■ 0, of the law of the process 
X under F^ conditioned to avoid zero, up to an independent exponential time with parameter 
g > 0. Since an exponential random variable with parameter g converges in distribution to 
infinity as its parameter converges to zero, then this result confirms that, starting at x 7^ 0, we 
can think of X under Pj, as the process conditioned to avoid zero on the whole positive real 
line. 

Theorem 6. Let e^ be an exponential time with parameter q > 0, independent of {X, P). Then 
for any x ^ 0, and any [Ft] t>o- stopping time T, 

limP,(A,T < e, I To > e,) = P|(A), VA G J^t- 

In the case x = 0, the law Pq can also be obtained as a limit involving an independent 
exponential time. Before stating the result, we point out that for s > 0, we will denote by 
Qs = sup{t < s : Xt = 0} , the last zero of X before time s. 

Proposition 7. Let e^ be an exponential time with parameter q > 0, independent of (X, P). 
Let F^'' be the law of X ok^ ^„ o 9,. under P. Then, for t > 0, 

J *=g yeg yeq J J ? 

limP^^(A,t < = Pi(A) = n{l^h{Xt)l{t<Q), VA G J"*. 

Another important property of the /i-process is its transiency. This is given in the following 
proposition. 

Proposition 8 (Transiency property). The process {X,Fx)x&, is transient. 

In Lemma [2l] we will prove that for any x ^ 0, the point x is regular for itself under 
Pj. Therefore, there exists a local time at any point x G M \ {0}, and we will denote by 
ni the excursion measure away from x for the process (X, Pj). In the following proposition 
we establish a relationship between the excursion measure away from zero for {X, P) and the 
excursion measure away from x for (X, Pj), x 7^ 0. 



Proposition 9. For x ^ 0, let ni be the excursion measure out from x for (X, Pj) and n the 
excursion measure out from zero for (X, P) . Then, for any measurable and bounded functional 



nl 



i / H{eu,u<t)qe "^dtj = ——n i / H{eu + x,u < t)h{Xt + x)l{Ti_^^>t}qe ^^dt 



3 Proofs 



3.1 A preliminary result 

In order to prove the finiteness of h, we need the following lemma. 

Lemma 10. Let (X, P) be a Levy process with characteristic exponent ip. Assume that {X,\ 
satisfies the hypotheses H.l and H.2, then, ip{X) 7^ 0, for all X ^ and 



lim ipiX) = 00. 

|A|— 5>oo 



Furthermore, 



(1 A X^)Re 



^(A) 



dX < 00. 



(16) 



Proof. The first part follows from the fact that {X, P) is not arithmetic (see e.g. [HI Theorem 
6.4.7]). Now, since 1/(1 + ip) is the Fourier transform of the integrable function ui, then from 
the Riemann-Lebesgue theorem it follows lim|A|-s.oo'^(A) = 00. 

Using that lim|A|_s.oo V'('^) = 00, we deduce 

i?e(— — )~i?e( -— 1, lAl^oo. 

The latter and Theorem [T] imply that for all Aq > 0, 

1 



|A|>Ao V^(^) 



dX < 00. 



On the other hand, 



^^ im) 



> 



ReipiX) 



A2 



> a' 



|y|<i 



;^1 — cos Ay) 
A2 



-K^dy) 



a 



y'^Ti{dy) > 0, as A -> 0. 



|y|<i 



The latter limit implies that there exists a Aq such that. 

Re I ---- ) < C, for all lAI < Aq, 
for some constant positive C. Then, from flT7|) and flTSj) . we obtain flT6|) . 



(17) 



D 
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3.2 Some properties of hq and h 

In order to establish some properties of h, we write hq in an alternative form, namely in terms 
of To and the excursion measure n, as follows. Let e^ be an exponential random variable with 
parameter q > and independent of (X, P). Using ([2]) and ([7]), we can write 

/i,(x)=M,(0)(l-E,(e-^^o)) 

_ P,(To > e,) (19) 



n(C > Bg) 

where 

n(C > e,) = / ge-^*n(C > t)dt = —-. 
Jo Ug{0) 

The expression flT9|) helps us to prove the following lemma, which summarizes some important 
properties of the sequence (/ig)g>o- 

Lemma 11. For every q > 0, the function hq is subadditive on M and it is excessive for the 
semigroup {Pt,t > 0). 

Proof. By Proposition 43.4 in [20], we have that for any g > and x,y &M., 

E,+,(e-^^«) > E,(e-''^»)E,(e-'?^''). (20) 

Now, since 

(l-E.(e-''^°))(l-E,(e-''^°))>0, 

then using (120|) . it follows 

1 - E,(e-''^«) + 1 - E,(e-'^^«) > 1 - E,.+,(e-''^»). 

Hence, by ([19]) 

hq{x + y)<hq{x) + hq{y), x,y e^. 

This shows that hq is subadditive on M. 

In order to show that hq is excessive for P°, we claim that 

P,(ro > t + e,) = E, (l{ro>t+ej) = E, (Px,(To > e,)l|,<r„}) . (21) 

Indeed, we note that for t > fixed, Tq o 0^ + 1 = Tq, on {Tq > t}. From this remark and the 
Markov property, we obtain the following identities 

/■OO 

P,(To > t + e,) = / E,.(l{To>t+s})ge-^^ds 

/•OO 

= / E^.(l|T„>j+,}l|ro>t})ge"^'rfs 

/■OO 

= / E^(l{ro>s} o6'tl{To>t})ge"^''cis 

= E^ (l{To>eJ O ^tl{To>i}) 

= E4Px,(To>e,)l|To>t})- 



The identities (|2T]) and flT9|) imply 

Mh,(X,),t<T„) = E.(l||^) 






.^(C > eg) 
= hg{x). 

The above expression also implies that \im.t^o'Ex{hq{Xt),t < To) = hq{x), for x G R. This 
shows that hq is excessive for the semigroup (-P°,t > 0). D 

Before we proceed to the proof of (i) and (ii) in Theorem [2] we make a technical remark. 
Remark 12. Proceeding as in the proof of Theorem 19 p. 65 in ^, it can be shown that 

Uq{x) = ^ I Re I -^—-] dX, xeR. (22) 

Then, 

2Mg(0) - [uq{x) + Uq{-x)] = - / (1 - COS Xx)Re I — ) dX. 

On the other hand, making use of the inequality |1 — cos6| < 2(1 A 6^) and flT6|) . we obtain 

'1 — cosXx)Re I —7T- ] dX < oo, x eM. 
Therefore, for all x G M, 

lim(2Mg(0) - [uq{x) + Uq{-x)]) = - / (1 - cos Xx)Re I — — ) dX (23) 



is finite. 



Proof of (i) and (ii) in Theorem That h is subadditive and excessive follow from Lemma [H] 
(since these properties are preserved under limits of sequences of functions). 

To obtain the finiteness of h, we note that for all g > 0, x G M, 

1 f^ f I \ 
h„{x) < 2uq(0) — [uq(x) + «„(— x)] = — / (1 — cosAx)-Re --— dX. 



h{x)<- (l-cosAx)i?e ( — — ) rfA < oo, Vx G M. (24) 

71" J-OO \W['^)J 



Then, by (123 



This proves the finiteness of h. Now, using (!22|) . we obtain 

I r°^ / I- e'-^^ \ 
ha(x) = — / Re { — TT dX. 
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Then, letting g — )■ and using the dominated convergence theorem, (IT2l) is obtained. 
Note that 

(1 -cosAa;)i?e ( — — ) <2(1 AA^)i?e ( — — ) , Ixl < 1, A G M. 

Then, by (12^ and dominated convergence theorem, it follows 

1 r°° f I \ 

lim — / (1 — cosAa:;)i?e — ttt MA = 0. 

Hence, by (!24l) . lim^^Qh^x) = 0. This proves that h is continuous at zero. Furthermore, since 
h is subadditive on R, the continuity of h at the point zero implies the continuity on the whole 
real line (see e.g. [I5l Theorem 6.8.2]). 

Finally to prove that a; = is the only point where h vanishes, we proceed by contradiction. 
Suppose that h{xo) = 0, for some xq ^ 0. Using the subadditivity of h and making induction 
we get that h^kxo) = for all k E Z. Besides, taking for granted the property lim|y|_>oo h{y) = 
- > 0, which will be proved in Lemma [T5| the claim h{kxo) = 0, for all fc G Z is a contradiction. 
Therefore, /i(a;) > 0, for all x 7^ 0. D 

3.3 Another representation for hq and the behaviour of h at infinity 

In this section we make the connection with the results from Section 23 in [TH], but before we 
introduce further notation. For a Borel set B, let Tb be the first hitting time of B, that is, 
Tb = inf{t > : Xt e B} (with inf{0} = 00). Let {Pf,t > 0) be the semigroup of the Levy 
process killed at Tb and Ub{x,A) = Jg°^P^(Xt G A,t < TB)dt. For / : M — )• M an integrable 
Borel function, we denote 



J{f) = / f{x)dx, /(A) = / f{x)e'''dx, A G M. 

Jr Jr 

Let ^~^ be the class of non-negative, continuous, integrable functions /, whose Fourier transform 
has compact support and satisfies the following property: there exists a compact set K, a 
positive and finite constant c, and an open neighbourhood of zero V such that 

J(/) - Ref{\) < cmax(l - {2n)-^ cos \x), A G V. 

x£K 

Let ^* be the collection of differences of elements of ^^. Now, for q > 0, let Ag and H^j be 
given by 

AJ{x) = CgJ{f)-UJ{x), i7j/(x) = /(0)E,,(e-^^°), x eR, (25) 

where Cg is a positive constant. As in [18j, the constant Cq is taken to be equal to Uqg{0), with 
g a symmetric function in ^^ satisfying J{g) = 1. 

It is said that a function / is essentially invariant if for each t > 0, f = P^ f a.e. Port 
and Stone proved that the only bounded essentially P^^-invariant functions are of the form 
CP2^(Tb = 00) a.e., with C a positive constant (see Theorem 23.1). Furthermore, in the case X 
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recurrent, if B is such that Ub{x, A) is bounded in x for any compact sets A, then the function 
Lb{x) given by 

PCO 

Lb{x) = hmqcg / F^{Tb > t)e~'^^dt, x eR, (26) 

9-^0 Jo 

is a Pj^-invariant function. Port and Stone proved furthermore that the constant Cg above 
introduced is such that for all x G M, the limit \iinq^oAgf{x) exists, for / G ^*. 

The following lemma establishes an identity for hg in terms of certain classes of functions. 
This identity is inspired from [18]. 



Lemma 13. Let fed*- Then, 

Agfix) - H^gAgfix) = -[/"/(x) + Cg{l - H^g 1 (x)) J (f) , (27) 

where 1 denotes the constant function equal to 1. If J{f) = 1, the following holds for x eM., 

Agfix) - AJ(0)E.(e-^^«) = -t/;/(x) + -\Mx). (28) 

Proof. By the strong Markov property, we have 

E. (f e-'''f{Xt)dt, To < oo^j = E, ("e"'^^" f e-''V(^«+To)rf«, To < oo") 

= E, {e-'^^\To < oo) E (H e-«"/(^«)^w) 
= H^^l{x)Ugf{0). 
Thus, 

Ugfix) =^Jj' e-'i'f{Xt)dt\ + E, (j^ e-'''f{X,)dt, T^ < oo") 

= t/J/(x) + f/J(0)ff;i(x). 

On the other hand, since H^Agf{x) = Agf{0)H^l{x), we have 

H'^Agfix) + UgfiO)H'^lix) = J{f)cgHll{x). (30) 

Using ( l29l) . ( I30l) and the definition of A^/ we obtain 

Agf{x) - H'gAgfix) = Cgj{f) - U^J (x) " Ug f (o) H^^l (x) " H'gAgf{x) 
= -f/J/(x) + c,(l-iJjl(x))J(/), 

which is (1271) . 

Now, suppose that J(/) = 1. To obtain fl28l) . we use the expression (125|) and (127|) . D 

Remarks 14. (i) Let k = limg_>.o ;j77oT" -^^^^ ^^^ identity, 

E.fe-"^"] = 1 - -^hg{x), g > 0, x G M, 
making g — > 0, it follows Fx{To = cxd) = Kh{x), x G M. 
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(ii) In general by flT9|) . we have that hq{x) can be written as 

/■oo 

h,{x) = Mg(0)P,.(To > e,) = M,(0) / P,.(To > t)qe-'''dt, q > 0, x G M. 

Letting g — )• and taking B = {0} in fl2B]) . we obtain 

/i(x) = A;L{o}(x), X G M, 

where fc = hmg_s.o ^^^^. Since < h{xo) < oo and < L{oy{xo) < oo, for some xq G M 
(Lemma [2] and Theorem 18.3 in [H]), it follows that < k < oo. Taking limit as g — )■ 
in (128|1 . we obtain 

A;/i(x) = A/(x)-A/(0)P,(To<oo) + f/V(x), a; G M, / G r, (31) 

where Af{x) = \im.q^oAqf{x) and U^f{x) = \im.q^Q Ug f (x) , x G M. 

To end this section, we establish the behaviour of h at infinity. 

Lemma 15. Let k := lim^^o :n"7oT- ^^ have the following 

(i) Suppose that either E(X^) < oo and E(X;f ) < oo or E(Xf ) < oo and ¥.[X^) < oo. // 
< yU := E(Xi) < oo, t/ien 

lim h{x) = — , lim /i(x) = ; 

while if — oo < fj, < 0, then 

11 1 

lim h{x) = — I — , lim h{x) = —. 

a;->oo ft: H x^-oo K 

(ii) Suppose that X is recurrent, then 

lim h{x) = —. 

\x\—^oo K 

Proof. We start by proving (i) in the case < /i < oo, the other case can be proved similarly. 

Set /(x) = Mi(x), X G M. Note that Mo(x) = ^^^^ /*"(a;). Indeed, 

oo oo „oo n-1 

J2ri^)dx = J2 ^^-Tye-^P(X, G rfx) 

n=l n=l "^0 I J- 

/•oo CO n-1 

Jo tt('^-l)! 

oo 



P(X, G dx) 







= UQ{x)dx. 

Furthermore, the Fourier transform of / is given by /(A) = 1/(1 + iplX)), A G M. Since 
/i(x) = Mo(0) — uo{—x), it is suffices to compute the limit at infinity of J2'^=i f*^{x)- To that 
aim, we use the main result in [21j, which states that if 
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(a) lim|a;|^oo/(a;) = 0, 

(b) / is in Li+e, for some e > 0, 

then 

y^ /*"(x) -^ -, as a; -> cx), ^ /*"(a;) -^ 0, as a; -^ -cx). 



/i 

n=l n=l 

The condition (a) is obtained from the Riemann-Lebesgue theorem. To show that (b) is satisfied 
we use the Pancherel's theorem (see [HI p. 186], [22l p. 202]). Thus, we will show that / is in 
L2. Thereby, 

l/(A)PrfA = / , '-j—dX < [ ^^^i±^rfA = [rc ( \ \ dX < 00. 

'^ ^' h\l+^{X)\^ -J^\l + ^p{XW k Vl + ^(A); 

This concludes the first part of the lemma. 

Now, we prove the claim in (ii). Suppose that X is recurrent. By Theorem 17.10 in [18], 
lima;_^oo Af{x) = 00, for f E ^* and J(/) > 0. Hence, by ([SI]), it follows lima;_j.oo h{x) = 00. To 
obtain the behaviour of h at the opposite direction, we we consider the dual process X. For 
the dual process, we have that the invariant function h for the semigroup {Pt,t > 0) is given 
by h{x) = limq_>o[^g(0) — Uq{—x)] = \im.g_^o[ug{0) — Ug{x)] = h{—x), x eM. The latter remark 
and the first part of the proof imply lim^^_oo h{x) = lima;_j.oo h{x) = 00. D 

3.4 An auxiliary function 

Let {h*^)q>o be the increasing sequence of functions defined by 



h\{x) =^( I e-'^^dLtj , g > 0, x G 



where T^ = inf{t > : Xt = x}, the first hitting time of x for X. The sequence {h*)qyo has the 
properties listed in the following proposition. 

Proposition 16. For any q > 0, the function h* is a symmetric, nonnegative, subadditive 
continuous function, which can be expressed in terms of the q-resolvent density as 



Uq{ x)Uq{- x) 

n,(0) 



/i;(a;)=M,(0)-^^^^^5f^, xgR. (32) 



Proof. By definition, /i* is a non negative function. The continuity and symmetry of /i* is 
obtained from ( l32l) . Thus, it only remains to prove ( l32l) and that /i* is subadditive. 

First, we recall an expression that establishes a relation between resolvent densities and local 
times, (see Lemma 3 and commentary before Proposition 4 in [H Chapter V]): 

Ug(-x)=E^( e-'^^dlA =e( e-''^dL{x,t)j , q > 0, x eR, (33) 
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where {L{x,t),t > 0) is the local time at point x for (X, P). Thus, using the latter expression, 
we have 

Ug{0) = E ( /" e-'^'dlA =hl{x)+E( f e^'^'dLt, T^ < ooj . (34) 

On the other hand, by Markov and additivity properties of local time, it follows 



oo 



E / e-^'dL^n <oo] = E e-'^^M e-'?"t/L„ , t.,T^ < oo 



To: / \ Jo 



E(e-^^^T, <oo)E, r/" e-'^^dLu 



Then, using (jl]) and f l33|) . the equation fl34|) becomes 

M,(0) = /i;(x) + ^w,(-x), xeM. 

Hence, (l32l) is obtained. 

Now, we prove the subadditivity of h* The procedure is similar to the one used to prove 
the subadditivity of hg in Lemma [TTl We repeat the arguments for clarity. First, by ([2]) and 
(jl]) we can write (!32|) as 

hlix) = M,(0)(1 - E,(e-^^«)E,(e-^^«)). (35) 

Since, for any x G M, E^(e-«^«),E^(e-«^«) < 1, it follows 

(1 - E,(e-''^«)E.(e-''^«))(l " E,(e-'^«)Ej,(e-''^°)) > 0, x,y eR. 
The latter relation and ( !20l) imply 

1 - E^.(e~«^°)E^.(e-«^°) + 1 - Ej,(e-''^")Ey(e-'^^") > 1 - E^{e-''^°)Ey{e^''^')E^{e"'^')Ey{e-''^'') 

>l-E,+,(e-''^»)E,+,(e-'''^°), 

for all x,y eR. Hence, by fl35|) 

/i;(x) + /i;(y)>/i;(a; + y), x,yeR. 

This ends the proof. D 



Remark 17. With help of the expression (|32|) . /i* can be written in terms of the function hg 

1 



as: 

/i*(a;) = hg{x) + hg{—x) -—hg{x)hg{—x), X eM. (36) 
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Now, define h* by 

h*ix) = \imh*(x), x G M. 

Since h is finite, then fl36|l implies that h*{x) is finite for all a; G M. Furthermore, since 



then 

h*{x) = E(LrJ =^{j l{x^^-.fi<u<s}dLA , a; G M. (37) 

It is known that Lt^ is an exponential random variable. Thus, h*{x) is the expected value of 
an exponential random variable. We also note that by fl36l) . in the recurrent symmetric case, 
h* correspond to 2hX , where hX is the invariant function given in [23] . 

Before we give some properties of the function h* , we have the following technical lemma. 
Lemma 18. (i) For any x G M, \iin.q^Q quq{x) = 0. 
(ii) For any g, r > 0, x G M, 

Uq[y - x)ur[y)dy = ■ . 

r + q 

Proof. Recall the identity 

^ = i,(e-^^o), xeR. 

Hence, qUq{x) ~ ^x(Tq < oo)quq{0) as g | 0. Thus, it is suffices to prove the case x = 0. 
Thanks to (12^ . we have 

(l^M = ^ / ^e ( J ) dX. 

2vriK \q + ip{X)J 

For every g > 0, let jq be the integrand function appearing in the latter display. Note that jq 
can be expressed as 



J.(A) 



\ , Rej^jX) ^ (/m^(A)) 



2 H-l 



g > 0, XeR. 



q q{q + Reilj{X)) _ 

Hence, jq J, 0, as g | 0. Since < jq{X) < [1 + ip{X)]^^, for all A G M, and 



-Re ' :; TTTT \ dX < OO 

1 + ^(A) 



the dominated convergence theorem implies \iinq^QqUq{0) = 0. This shows (i). 
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Now, let / be a positive, bounded, measurable function. We have 




Uq{y - x)ur{y)dyf{x)dx = / / f{y - z)uq{z)dzUr{y)dy 

JrJr 

= 1e (/(Xe„ - Xej) 

= ;^E(/(Xe„-XeJl|e,.>ej) 

+ lE(/(-(Xe,-XeJ)l|e,>e.}), 

where e^, e^ are independent exponential random variables with parameters g > and r > 0, 
respectively, which are independent of (X, P). The first term in the latter equation becomes 

-I /»oo /»oo 

-E (/(Xe, - Xejl{e.>ej) = / / e-^*E(/(Xi - Xs))dte-'^'ds 
^Q Jo Js 

e~-(t-')E{f{Xt-,))dte-'^''+^>ds 





oo 



r + q 
In the same way, it can be verified that 




^ UrfiO). 



lE(/(-(Xe, -XeJ)l|e,>e.}) = ^^UJiO). 



Thus, we have 




Ug{y ~ x)ur{y)dyf{x)dx = / i— — ^ ] f{x)dx, 

Jr \ r + q J 

for all positive, bounded, measurable function /. By the continuity of Ur and Uq, we conclude 

uJx) + Uai-X) 



Ug{y - x)ur{y)dy 

r + q 

for any g, r > 0, x G M. D 

Some properties of the function h* are summarized in the following lemma. 

Lemma 19. The function h* is a symmetric, nonnegative, subadditive, continuous function 
which vanishes only at the point x = and lim|a;|_>oo h*{x) = k,~^. Furthermore, h* is integrable 
with respect to semigroup of the process killed at Tq, i.e., P^h*{x) < oo, for all t > 0, x & M. 

Proof. From the definition of h* and (1521) the non negativity and symmetry of h* follows. The 
subadditivity of h* is obtained from subadditivity of the sequence (/ig)g>o- Furthermore, once 

17 



we prove that h* is subadditive and h*{x) — t- k^^, as |x| — )■ oo, we can proceed as in the proof 
of Theorem [2] (ii) to obtain that the only point at which h* vanishes is the point a; = 0. We 
observe that from fl36|) . we can write h* in terms of h as 

h*{x) = h{x) + h{-x) - Kh{x)h{-x), (38) 

where k = hmg_>.o ;j;4o). Hence, h* is continuous. The property \iin\x\^oo h* (x) = n^^ follows 
from Lemma [15] and fl38l) . 

Finally, we prove that h* is P°-integrable. For a; G M, we write hq{x) = hq{—x), q > 0, 
and h{x) = \im.q^o hg{x) . Let s be the function defined by s{x) = h{x) + h{x). By (!38|) . 
h*{x) < s{x), X eM.. Thus, it is suffices to show that s is P°-integrable. 

Now, by ([1]), the following identities hold for < r < g , 
Ughr{x) = / Ug{y - x)hr{y)dy 



Uqiy - x){uriO) - Ur{-y)}dy 

Ur{0) 



Uq{y - x)ur{~y)dy 
Q Jr 

Mr(0) 1 
= {Ur{—X)—U„[—X)^ 

q q — r 

hr{x) rur{-x) Uq{-X) 

— 7 T H • I'^yj 

q q[q — r) q — r 

Thanks to Lemma [18] (i), hr{x) — )■ h{x) as r — )■ and Fatou's lemma, we obtain 

Uqh{x)< ^(^)+^'?(-^) ^ ^>o, xeR. (40) 

On the other hand, by Lemma [18] (ii), we have 

Ugh.r{x) = Uq{y - x){ur{0) - Ur{y))dy 

Jr 

q r + q 

r + q q{r + q) r + q 
Using again Lemma [18] (i), hr{x) — )■ h{x) as r — )■ 0, and Fatou's lemma, it follows 

-^^ , h(x) — Ua( — x) _ , , 

Uqh{x) < -^-^ ^- -, g > 0, xeR. (42) 

Adding (jlO|) and (j42]), we obtain that for any q> 0, x eR, 

qUqS{x) <s{x). (43) 

Hence, the function s is Printegrable and therefore P/'-integrable. D 
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Remarks 20. (i) From f H3|) it is deduced that the function s is excessive for the semigroup 
{Pt,t > 0). Since s is a nonnegative function, then s is an excessive function for the 
semigroup (-PjP,t > 0). 

(ii) By ^ and ([35]), we have hg{x) < h^x) < h*{x) < s{x), for all g > 0, x G M. On the 
other hand, the Lemma [19] and its proof ensure that h* satisfies 

Pth*{x) <s{x), qUgh*{x) <s{x), q > 0, x G M. (44) 

These inequalities will be useful in the proofs of Lemma [5T1 assertion (iii) in Theorem [2] 
and Proposition [7| . 

Lemma [21] ensure that the inequality obtained in fllU]) in fact is an equality. This result was 
established in [2^ in the symmetric case. 

Lemma 21. For any q > 0, x &M., 

q 

Proof. Remark [201 (ii) states that the function h* satisfies hq{x) < h*{x), Uqh*{x) < oo, for all 
g > 0, X G M. Then, by the dominated convergence theorem and (139]) . it follows 

h{x) + Uq{—X) 



Ughix) = YaaUahAx) 



U 



4 Proofs of the main results 

Proof of (iii) in Theorem [^ The first part of the proof is inspired in the proof of Lemma 1 in 
[H]. Let eg be an exponential random variable with parameter g > and independent of (X, P). 
We claim that for g > 0, x G M, it holds, 

E,(Px.(ro > eg)l|To>t}) = e^* {^.{To > ^i) - [ ^-(To > s)qe-'''ds^ . (45) 

Indeed, by fl2T]) . we have 

E, (Px,(To > eq)l{t<n}) = ^x{To > t + e^). 
Now, making the change of variable m = t + s, we obtain 

/•oo 

P,(To >t + eq)= / P,(To > t + s)q-'''ds 
Jo 

/oo 
P^(ro > u)qe-^''du 

(POO pt 

/ P^(To > n)ge~^"dM - / P^(To > u)ge"'^"dM 
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Hence, (j45|) follows. 

By Remark [20] (ii) and Lemma [T9| we have that the sequence {hg)gyQ is dominated by h* and 
h* is integrable with respect to P^ for any t > 0. Then, using dominated convergence theorem, 
([19]) and (gS]), it follows 



E, ih{Xt),t < To) = E,. lim hg{Xt),t < Tq 

= limE^ — — l{t<To} 



„^^,./F.(r,>e)_ r'F(ro>«) 

?^o \^ ra(C > eg) Jo '^(C > eg) 

1 /•* 

/^(a;) 7— / fx{To > u)du, 



where n{() = limg_s.o /q e '^*r2(C > t)(it. On the other hand. Lemma fTSl and (^^ imply n{Q = 
limg_5.o[q'Mg(0)]~^ = oo. Therefore, we conclude 

Ex{h{Xt),t<To) = h{x), t > 0, xeR. 

Now, we prove the second part of (iii) in Theorem [2l From (l6l) and Lemma [2U we obtain 
that the Laplace transform of n{h{Xt),t < () is given by 



Ug{x) 1 



f e-'^'n{h{Xt),t<C)dt= [ h{x)E4e~''^'>]dx = [ h{x)^^^dx 
Jo Jr Jr ""glO) 



-Ugh{0) 



Mg(0) '^'"^ q- 
Hence, the claim follows. D 

Proof of Theorem O The only thing which has to be proved is the fact that Pq is a Markovian 
probability measure with the same semigroup as under Pj, x 7^ and that Po(Xo = 0) = 1. 
Since n is a Markovian measure (cr-finite) with semigroup (-P°,t > 0). Let g be bounded Borel 
function and A e J^t and t,s > 0: 

El{lAg{Xt+s)) = n{lAhiXt+s)g{Xt+s)l{t+s«;}) 
= n(lAE^^(/i(X,)^(X,))l|,<^|) 

= n{lj,h{X,)Ei^{h{XMX,))l{,^(}) 
= eJ(1aE|^(^(X,))). 

This shows the first part. Now, we prove that Po(Xo = 0) = 1. Since X is right continuous at 
0, it is sufficient to prove that for any z > 0, 

Pj(|X,| < ^) ^ 1, 

as e — )• 0. The latter is equivalent to prove 

Jimn(l{|x,|>4/i(X,)l|,<f}) = 0. 
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Since n{h{Xs),s <() = !, Qs(-) := n{-,h{Xs),s < () defines a probability measure. Then, 
from the Markov property, for all e < s, Pgd^^l < z) = Qs{'i-{\x4<z})- Since the excursions of 
the Levy process (X, P) leave continuously, we have l{|x,|<2} -^ l, Q^-a.s. as e — )■ 0. The 
result follows from the dominated converge theorem. D 

Proof of Theorem\^ We proceed as in [8J. Let x 7^ 0, T a {J^t)t>o stopping time and A G J-r- 
With the help of the strong Markov property and since e^ is independent of (X, P), we can 
deduce the following 

/■oo 

Ea; (lAl{r<ejl{ro>e5}) = / E^ (1a1{t<To}1{t<s} l{To>s}) O'e^^^'c^s 

/•oo 

= / E^ (1a1{t<To}1{t<s}1Ex (1{To>s} o dr \ Jr)) qC'^^ds 
Jo 

POO 

= / E, {1a1{t<ToAs}^xATo > s)) qe-'i'ds 
Jo 

= E4lAl|T<ToAe,}Px^(To>e,)) 

= ^(C > eg)E^ {lAl{T<ToAe,}hg{XT)) 

E,. (lAl{T<ToAe,}^(XT)) P..(To > e^). 



hg{X 

The latter shows that for A G J-y, T stopping time finite a.s. 

P,.(A,T < e, I To > e,) = j^^. (lA^(XT)l{r<roAe,}) • (46) 

Now, recall that hq{x) < h*{x) < h*{x), q > 0, x e R. Thus, 

'i-{T<ToAeg}hq{XT) < l{T<To}h* (Xt) a.S. 

On the other hand, the first inequality in (jH]) also it is satisfied for stopping times, i.e., 
Kr^{h*{XT),T < To) < s{x). Then, letting g — > 0, with the help of the dominated convergence 
theorem in (H^ . we obtain the desired result. D 

Proof of Proposition^ For every s > 0, we consider ds = infJM > s : X^ = 0}, gs = supj-u < 
s : Xu = 0} and G = {g^ : gu 7^ d^, u > 0}. By definition, for every g > 0, A G J-t, we have 

P'='(A,t<C) = E{lj,ok,^_^^^o9,^^^,^,^_,^^}) 

= E ( / 1a o ku-g^ o eg^l{t<u-g^}qe''^''duj 

= E l^e-'?^ rge-''("-^)lAofc„_,o^,l{t<n-.}rfw) • 

Now, using the compensation formula in excursion theory (see e.g. |1], [17]) and the strong 
Markov property of n, we obtain 

fd. \ / POO 



E I J2 e"'' / ' ge-^^^-^^lA o k^^s o esl{t<u-s}du j = E (H e-'^'dL^j n(lAl{t<e,<c}) 

' POO \ 

/ e-'''dLsjn{lAfxATo>eg)l{t<c})- 



seG 

= E 
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Using ([7]) and (IMl) we deduce 

e( [ e-'^'dlA = Uq{0) ^ 



n(C > eg)' 

Thus, we see that 

F^^iA,t< C) = nilMXt)l{t«;}). (47) 

Now, we prove that n{s{Xt),t < () < oo, for all t > 0. First, note that since s is excessive 
for the semigroup (-P°,t > 0) and n fulfils the Markov property, then t i— )■ n{s{Xt),t < () is 
decreasing. This is verified from the following equalities: for u,t > 0, 

n{s{Xt+u),t + u < C) = n{{s{Xu)l{^^^y) o 9t,t < C) 

= n{ExMXu),u<C),t<C) 
= n(P^(X,),t<C) 
<n{s{Xt),t<C). 

On the other hand, by (El) and remark [20] (i), we have 

r e-'n{s{Xt),t < C)dt = [ s{x)^dx = ^f/i^W < ^^0)- 
Jo Jm wi(0) ^i(O) ni(0) 

Therefore, n{s{Xt),t < C) is finite for every t > 0. 

Finally, since l/<^hg{Xt) < s{Xt) and n{s{Xt),t < C) < oo, we can apply the dominated 
convergence theorem in fHTj) to conclude that for t > fixed 



limP^^(A,t < = n(lA/i(Xi)l|t<c}). 

(j-s>0 



D 



Let Uq be the g-resolvent for the process X^ = {X, fi)xeM., with U-^ = Uq. To prove that X^ 
is transient, we compute the density of JJ-^. For x, y 7^ and g > 0, we have 

ul{x,y) = ^^4{x,y). (48) 

From (E]) it can be deduced that for y 7^ 0, g > 0, 

ul{0,y)dy = / e-'^'n{h{Xt)l{x,edy},t<C)dt 
Jo 

= hiy)Ey[e-^'''^]dy 

= h{y)^dy. (49) 

Finally, by Theorem [5] (ii), Uq{x, 0) = 0, for all x. Thus, from the above equations, the density 
of U-^ can be obtained . This is stated in the following lemma. 
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Lemma 22. Let UQ{x,y) = \im.q^oUq{x,y), x,y eM.. Then Uq{x,0) = 0, for all x, 

< ulix, y) = ^IK^) + H-y) - h{^ -y)- '^h{x)h{-y)l x ^ 0, y ^ 0, (50) 

and for y j^ 0, 

ul{0,y) = hiy)il - Khi-y)) = h*{y) - h{-y). (51) 



-hq{x)-hq{-y) + Uq{Q), X 7^ 0,1/7^0. 



Proof. An easy computation gives 

Uq{~x)uq{y) ^ hg{x)hq{-y) 

Using this and (E]) it follows 

«°(x,i/) = ^(x) + ^(-y)-/.,(x-i/)-M^^Mz^, x^O,y^O. (52) 

Uq[\J) 

Letting g — )■ in (I48p we obtain (I50p . The first equality in (IHTj) is obtained from (I49p recalling 
that for all y, \im.g^Q[uq{y)/ug{0)] = limq_s.o[l — {uq{0))~^hg{—y)] = 1 — K,h{—y). The second 
one follows from fl38l). D 



Remark 23. Note that from (1361) and (l52l) we have Uq{x,x) = u^{x,x) = h*{x)^ x ^ 0, which 
implies Uq{x,x) = h*{x), x 7^ 0. 



Proof of Proposition\^ To obtain the transiency property of X^, we use Theorem 3.7.2 in |T2 
which states the following. If the conditions: 

(i) U-^g is lower semi-continuous, for any non negative function g with compact support; 

(ii) there exists a non negative function / such that < U-^f < 00 on M; 

are satisfied, then the process X^ is transient. 

Since h is continuous, from Lemma [22] it follows linix-^x' Uoix,y) = UQ{x',y), for all y G ffi 
Let g he a non negative function with compact support K. By Fatou's lemma, we have 



liminf / g{y)ul{x,y)dy > / g{y)limmi[uj^{x,y)lK]dy = / g{y)ul{x' ,y)dy. 
This shows that for any g non negative with compact support, the function 

a; I — > I giy)ul{x,y)dy 



is lower semi-continuous. Thus, condition (i) is satisfied. 

Now, we will find a non negative function / : M — )■ M+ such that < U^f{x) < oo. Let / be 
given by 



1 , , 

|y|<l, 



f{y) = { 



[h*{i)r 
1 

I TWW 
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, \y\ > 1- 



Since / is continuous and \iin\x\^c>o h* (x) = k~^, then /, fh* and f{h*Y are integrable with 
respect to Lebesgue measure. On the other hand, h is dominated by the symmetric function 
h*, then the integrabihty of fh* and f{h*Y imply 



f{y)h{y)dy < cx), / f{y)h{y)h{-y)dy < cx). 
Jr 

Furthermore, since h is subadditive and / is symmetric, it follows, 

/ f{y)h{x~y)dy < / f{y)h{x)dy+ / f{y) h(y)dy < oo. 

Jr Jr Jr 

Thus, for X 7^ 0, 

U^f{x) = / f{y)ul{x,y)dy < oo. 

Jr 

Finally, 

U^fiO)= f f{y)uH0,y)dy= f f{y){h*{y) - h{y))dy < oo. 

Jr Jr 

This concludes the proof. D 

The Lemma [2^ below states that any a; 7^ is regular for itself under P^. The latter implies 
the existence of a continuous local time at point x for the process (X, Pi), see Theorem 3,12, 
p. 216]. We will denote by {L^{x,t),t > 0) the local time at point x aforementioned and by 
T^{x,t) the right continuous inverse of L^(x,t), i.e., 

T^(x, t) = inf {s > : L^(x, s) > t}, t> 0. 

It is well known that (T-'-(x,t),t > 0) is a subordinator killed at an exponential random time 
independent of t-'-(x, ■) with Laplace exponent $^'^ satisfying 

^^(g-,Ti(x.,t)^ = e-**"^(^) = e~*/"i("'"), t > 0, (53) 

see e.g. [5l Theorem 3.17, p. 218]. Furthermore, using the compensation formula in excursion 
theory we can be establish that for any q > 0, 

^""'Hq) = — r = 4(C > eg) + a^g 

= nliC = 00) + a^q + / (1 - e-^')nl{C G dt), 

Jo 

where a^ satisfies 

/ l{Xs=x}ds = a''L'^{x,t). (55) 

Jo 

By Remark [23l limg_>oM|(x, x) = h*{x) > 0, for x 7^ 0, then (t^(x, t),t > 0) is a subordinator 
killed at an exponential time with parameter l/h*{x) > 0. This also confirms the transiency of 
(X, Pi), since by ( 15^ . there exists an excursion of infinite length. 

To state the following lemma, we introduce additional notation. For every x G M, define 
(if = inf {m > s : Xt = x}, g^ = supj-u < s : Xt = x} and G^ = {g^ : g^ ^ d^^,u > 0}. 
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Lemma 24. (i) For x G M \ {0}, x is regular for itself for (X, Pj 



(a) Let eg be an exponential random variable with parameter q > 0, independent of{X, (Pi)x^o)- 
Then, for every x ^ 0, the processes {Xu, u < g^) and X o ke^-g^ o 6gx are Pi indepen- 
dent. Furthermore, their laws are characterized as follows: let F and H be measurable 
and bounded functional, then 

E| (f(X„, u < 4)) = E| n^ F(X„, u < s)e-^^dLHx, s)] [n^C > ej + a^q] (56) 

and 

El (h{X o /ce,_,.^ o Og.^)) = ul{x,x) 



n. 



I H{eu, u < t)qe''>*dt J + o'qH^x) 



(57) 



where a^ is the constant in / f55]) . 
Proof. Let x G M \ {0}. By Fatou's lemma and the definition of Pj, we liave 

(T, = 0) = liminfP|(T, <t) 



i->0 



> 



h[x 

1 

h{x 



— E,. (^linrinf l|r,<i<ro}/^(^t 



■Ea; (l{T,=o}l{To>0}^(-^o)) 



wfiere tlie latter equality was obtained using the facts that {x} is regular for itself under P^^ 
and P^(To > 0) = 1. This proves (i). 

Before to prove (ii), we recall the following. Since t-1-(x, ■) is the inverse of the local time 
{L^{x,t),t > 0) with Laplace exponent given by (1551) . then 



Ei(^j\-^'dLHx,t)^ =^Kr 



-g^H^,t)^^ 



Ei(e-''^^("'*))rft 



u|(x, x) 



(5J 



We will denote x the path which is identically equal to x and with lifetime zero. Thus, for 
F and H measurable and bounded functionals, using the compensation formula in excursion 
theory (see e.g. |1], [H]), it follows 



El (f(X„, u < gl)H{X o A;e,_,g^ o 0,. 
= E| [ ^ F{X^,u < s)e-'^' I ' H{X o kt^ ° 0,)qe-'''^'-'^dt 

+ El(j F{Xu,u < t)H{x)qe-'''l{x,=,ydtj 



e| 



f F{Xu, u < s)e-'^'dL^{x, s) J n| ( /" H{eu, u < t)qe-'''dt] + a^qH{x) 



, (59) 
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where a^ is the constant in fl55|) . Taking if = 1 in f l59|) . it follows 

In the same way, if we take F = 1 in ( 159|) and we use (158|1 . we can obtain 

E| ('//(X o A;e,-95^ ° ^9S,)) = mJ(x,x) nl( I H{eu,u < t)ge~^*c/t j + a^qH{x) . 

The latter two displays are f l56|) and fl571) . respectively. 

Finally, by f lM|) . Ug(x, x) = [ni{( > e^) + a^q]~^. Using this fact, f lSB]) and (jSTj), we conclude 

E| (f(X., n < 0//(X o fce,-,g^ o e,,j) = E| (f(X., n < ^^j) E| ^H{X o fc^.-.g, o 0,gj) . 

This shows the independence property in (ii). D 

Now, we will prove that the drift coefficient in (1541) does not depend on x, and is equal to 6. 
Lemma 25. Let 6 be the drift coefficient of the inverse local time at the point zero for the Levy 



or 



process (X,P). Then for all x G M\{0}, P|-a.s., /^ l{x,=o}t^s = 5L^{x,t). That is, a^ = 5, f 
allx gM\{0}. 

Proof. If both 6, a^ are zero, the claim holds. Suppose that a^ ^ 0. Using (l58l) . the definition 
of a^ and Pj, we obtain 

a^uj(x,x) = E|( /" e-'?*rf[a^L^(x,t)] 

r>00 



/ Ei (l|x.=.}) e-^*rft 

/•OO 1 

E.Y/ l{To>i}e"^*l{x.=x}C^ty (60) 



Using that (X, P^,) is equal in distribution to (X + x, P), the definition of 8 and the symmetry 
of h*{x), it follows that the right-hand side in (l60l) is 

e[ / 1/r, „,>.ie-^*l/;,.=nirft] = 5E ( / Im ^.^ae-^'dLt) = 6h 



To conclude the proof recall that /i*(a;) = Uq{x^x). O 

Proof of Proposition Let H : V^ ^>- M. a bounded and measurable functional. To simplify we 
write X'^ for the path X o ke -gx o 9gx . Using the definition of Pi, we obtain 

h{x)El {HiX")) =¥.(j H{{X + x) o kt.g, o 9g,)h{Xt + a;)l|T,_.j>t}ge-'?*dt') . (61) 
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We note that l{T{_^j>t} = l{r{_,}oeg^>t-gt}l{T{_,}>gt} and h{Xt + x) = h{{Xt_g,+x)o9g,). Then, 
with the help of the compensation formula in excursion theory ([1], [H]), the right-hand side 
in f l6T|) can be written as 



E 



( / '^{T^_,}>gt}H{{X + x)o kt-g, o dg^)h{{Xt^g^ +x)o dg;)l{T{_^^oe,,>t~9t}qe '^^dtj 

= E I ^ l{T{_}>s} / H{{X + x)o kt^, o 9,)h{{Xt-s + x)o e,)l{T{_joe,>t-s}ge-^*rft 
\seG •'' 

E (j l^T,.^^^t}H{x)h{x)qe-'''l^x,=o}dt\ 

"'dLtj nl H{eu + x,u< t)h{Xt + x)l{T^_^^yt}qe"''dt\ 



+ 

E 



HTi-.}>ty 



n 



K{x) 



I H{eu + x,u <t)h{Xt + x)l{T{_^y>t}qe '^^dt\ + q5H{x)h{x) 



(62) 



where 5 is such that /^ l{Xs=o} = ^Lt under P. Using Lemma 1251 and h*{x) = Uq{x,x) in (l62ll . 
we verify 



EliHiX''))=ulix,x) 



h{-j 



r^n( H{eu + x,u<t)h{Xt + x)l{Ti_,^>t}qe '^^ dt\ + a" qH {x) 



Comparing (|63|) with f l571) . the result follows. 



(63) 
D 



5 An example 

The expression (iT2l) in Lemma [2] (i) allows us to compute explicitly the function h in the 
particular case when (X, P) is an a-stable process. 

Example 26. Suppose that (X, P) is an a-stable process. Then, (X, P) satisfies H.l and H.2 
if and only if a G (1,2]. It is well known that the resolvent density of Brownian motion is 
Uq{x) = (A/2g)~^e~^^l^l, hence h{x) = limq_^oK(0) - Uq{-x)] = \x\. Now, let a G (1,2). In 
this case the function h takes the following form 

h{x) = K{a){l-^sgn{x))\x\''-\ 

where 



K{a) 



and 



r(2 - a) sin(a7r/2) 
c7r(a-l)(l + /32tan2(a7r/2)) 

(c+ + c-)r(2-a 



a{a — 1) 



■cos(a7r/2), /3 



c^ — c 



c+ + c- 



(64) 
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Indeed, recall that the characteristic exponent of {X, P) can be written as 

^(X) = c|A|"(l - i(3sgn{\) tan(a7r/2)), 
where c and f3 are as in fl64p . Now, we have 

1 — e*'^^\ 1 — cos(Aa;) + /3tan(a;7r/2)sgn(A) sin(Aa;) 



Re 



tp{\) J c|A|'^(l + /32tan2(a7r/2)) 

Since the function sgn(A) sin(Aa;) as function of A is even, we have 

1 / 1 f^ sin(Ax) 

h(x) = — — 7T-, --7 h%x) + /3tan(a7r/2)- / — ^^ — -d\ 

^ ' c(l + /32tan2(a7r/2)) V ^ ' "^ ^ ' \ J^ A° 

where h^{x) is the function h obtained in the symmetric case (see example 1.1 in [23]), namely 

h'{x) = ^S^~"'j sin(a7r/2)|x|"-\ 
7r(a — 1) 

On the other hand, with the help of formulae (14.18) of Lemma 14.11 in [20], we obtain 

sin(Ax) _i f°° sinu 1(2 - a) _i 

— 7 — ^ctA = sgn(x) X / du = ^ ^ cos Q;7r/2 sgn a; kc . 

,0 A" Jo W" a- I V / ; 6 V yi I 

The latter two equalities imply the claim. 

Recall that L^^ is an exponential random variable with parameter [/i*(x)]^^, then by (138|) . 
in the case when (X, P) is an a-stable process with a G (1,2], Lt^ is an exponential random 
variable with parameter l/[2ii'(a)|x|"~-^]. 
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